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Abstract. As an alternative to the Fibonacci heap data structure, and a
variation of the 2-3 heap, this preliminary research paper presents a sum-
mary of the 3-4 heap workspace operations. When implementing graphic
algorithms such as Dijkstra Single Source Shortest Path algorithms, this
new data structure can be consumed as the priority queue being used.

1 Introduction

Derived from Tadao Takaoka [1] 2-3 heap data structure, this research paper
will provide a brief summary of one domain area within the 3-4 heap, workspace
operations. Left out of this paper are the top level operations which by itself is
an equally sized research domain, a small summary is given later.

At University of Canterbury, I am studying part-time for a postgraduate
Master qualification researching into the 3-4 heap data structure. Having re-
cently commenced this research, there unfortunately are no quantitative figures
available because the implementation stage is currently a work in progress, esti-
mated completion around middle of year 2007. This naturally means that all of
the theoretical analysis governing workspace and top level operations have been
completed. My research goal is to discover the efficiency of this data structure in
relation to its 2-3 heap counterpart when both are ran under identical operating
scenarios.

The 3-4 heap, like 2-3 heap, can be consumed by Dijkstra [2] Single Source
Shortest Path (DSSSP) as the data structure implementing a priority queue.
Testing scenarios will involve generating a random graph and feeding this into
the same DSSSP implementation twice, respectively consuming 2-3 heap and 3-4
heap. This approach will generate comparable quantitative figures.

Glossary of terms used in this paper are provided towards the end of this
paper.

2 Heap Workspace

The 3-4 heap has a semi-rigid structure (see Fig. 1) where the minimum number
of nodes on a trunk is three and the maximum is four, this permits a trunk
to shrink by one, hence the term 3-4 heap. The number of nodes per heap is
between nine and sixteen. If there is a requirement to shrink a trunk by more
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Fig. 1. A 3-4 heap with maximum and minimum number of nodes

than one node, then an adjustment is made by moving a few nodes from nearby
trunks within this heap. Should it no longer be possible because the workspace
has less than nine nodes, then the adjustment will trigger a propagation event
where the heap is merged into neighbouring higher degree heap. This adjustment
will require amortised cost analysis.

To aid amortised analysis, the trunk is given a measurement value called
‘potential’. This is calculated by counting the number of comparisons required
to place each node into its correct position in ascending order, this position is
found by using linear search. We define the potential of a trunk with one node
to be 0, two nodes to be 1, three nodes to be 3, and four nodes to be 6.

Amortised cost is a figure derived by taking the net difference in potential
of a heap before and after a node removal operation, and adding to this the
number of node-to-node comparisons made. If this figure is of value zero, then
the amortised cost is said to be free, if positive then a cost has been incurred,
and if negative then a profit has been made.

In Fig. 1, the left-most is a complete 16 node heap with potential of 30, and
the right-most is a complete 9 node heap with a potential of 12, these form the
upper and lower bounds of standard arrangement and a heaps workspace.

In Fig. 1, studying the root node on either heap, the trunk sloping left-down
(7pm on a clock face) is in the 1st dimension and the trunk sloping right-down
(4pm on a clock face) is in the 2nd dimension. If this structure is part of a larger
3-4 heap where each node itself is another heap, those trunks can be said to be of
i-th dimension and (i+1)-th dimension. It should be noted that these additional
workspaces are not taken into consideration, only the nodes within the current
workspace are.

3 Performing Node Comparisons

Standard linear ascending comparisons are achieved by starting with the smallest
node on a trunk and comparing it with the node that requires insertion. If the
insertion position is not found, then the next node on the trunk is compared
against the node that requires insertion, and so forth.



4 Workspace Operations

A decrease key operation occurs when the number of nodes in the 3-4 heap
workspace is reduced by one. The node that gets removed is always located on
the i-th dimension. The aim during these operations is to keep the amortised cost
as small as possible. The amortised cost is calculated by taking the workspace net
potential difference before and after a decrease key operation, and then adding
to this the number node-to-node comparisons made.

If there is a requirement to shrink a trunk below three nodes, then an ad-
justment is made by moving a few nodes from nearby positions to ensure the
heaps rigid dimensions are retained. Should this adjustment process no longer
be possible because the workspace has less than nine nodes, then it cannot be
restructured and must be propagated into a higher dimension. This propaga-
tion event will continue indefinitely until the heap has stabilised into standard
arrangement form. A critical property required for moving this tree from one
dimension into another, is for the amortised cost to equal zero.

It is calculated by myself that there are 14 decrease key operations required
for a 3-4 heap to reduce in size from its maximum until a propagation event
occurs, however these have been omitted from this paper due to the page limit
requirement.

5 Top Level Operations

This section has been left out of this paper to ensure its conciseness. Generally
top level operations can be viewed as having a collection of pigeon holes (posi-
tions) where each pigeon hole can only hold 3-4 heaps based upon their degree.
The operations that can be done are insert, delete minimum and merge. Oper-
ation insert controls adding a 3-4 heap into its correct top level position. Delete
minimum removes the root node of the 3-4 heap found in a top level position,
causing this heap to break up. Merge handles the repositioning and reconstruc-
tion of the delete minimum operations fragments into their new appropriate top
level position.

6 Glossary of Terms

Identified in Fig. 2 is the terminology used to describe a 3-4 heap

node This is the circle and is used to represent a value
branch This is the line connecting two nodes and a branch of trunk

length of one
root node This is the node with no parent node
trunk A trunk is a straight line connecting several nodes
tree/heap This is a group of trunks connected together
degree The number of trunks connected to the root node
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Fig. 2. Terminology

7 Conclusion and Future Work

The purpose of my research is to prove or otherwise prove, that the 3-4 heap is
more efficient than the 2-3 heap acting as a data structure consumed by Dijkstra
Single Source Shortest Path algorithm. Due to the page limit of this paper, I
unfortunately was not able to describe in full details the inner workings of the
3-4 heap or highlight the differences and similarities it shares with the 2-3 heap.

From the completed theoretical analysis, all the key features of the 2-3 heap
have been retained but the actual impact on performance from these subtle
differences will not be established until implementation is completed around the
middle of year 2007.
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